By making use of the Abelian projection method, a dual version of the SU(2)-gluodynamics is derived. After that, the summation over the grand canonical ensemble of the monopole currents, emerging after Abelian projection, is performed directly in the continuum version of the model in the dilute gas approximation. The resulting dual theory is used for the construction of the corresponding effective monopole current potential and the string representation. Finally, by virtue of this representation, confining properties of the SU(2)-gluodynamics are emphasized. *
Introduction
Nowadays, it is commonly argued that the method of Abelian projection [1] is one of the most challengable approaches to the problem of confinement in QCD (for a recent review see e.g. [2] ). In particular, a detailed perturbative analysis of the SU(2)-QCD within this approach has been performed [3, 4] , and the asymptotic freedom of the resulting effective Abelian theory has been proved. As far as the property of confinement in this theory is concerned, it has been argued in Ref. [4, 5] that it occurs via the monopole condensation. This leads to the generation of the mass term of the dual gauge field and makes the effective Abelian-projected theory of the SU(2)-gluodynamics quite similar to the London limit of the dual Abelian Higgs model. In the latter model, confinement can be analytically studied by casting the corresponding partition function into the form of an integral over the world-sheets of the closed Abrikosov-Nielsen-Olesen strings [6] by making use of the so-called path-integral duality transformation [7, 8, 9, 10] . After that, performing the derivative expansion [11] of the so-obtained string effective action, one gets as the first two terms of this expansion the usual Nambu-Goto term and the so-called rigidity term [12] , whose coupling constants ensure confinement (in the sense of the Wilson's area law [13] ) and stability of the Abrikosov-Nielsen-Olesen strings.
The aim of the present Letter is to derive the string representation of the effective Abelianprojected theory of the SU(2)-gluodynamics (and, as a byproduct, confinement) without an ad hoc assumption on the condensation of monopoles in this theory, i.e. without a reduction of this theory to the dual Abelian Higgs model. Indeed, the string representation of the monopole gas [14] can be constructed straightforwardly without introducing an effective Higgs field of the monopole Cooper pairs. This has been done in Ref. [15] for the case of 3D compact QED and then generalized in Ref. [16] to the 4D case. In what follows, we shall treat in an analogous manner 4D Abelian-projected SU(2)-gluodynamics, which will enable us to derive its string representation in a straightforward way. In particular, by performing the summation over the branches of the multivalued monopole current potential, we shall realize the independence of the Wilson loop of the shape of the surface bounded by its contour. Such an approach is the 4D generalization of the corresponding 3D one investigated in Ref. [17] . Notice, that within this approach, the dual gauge field acquires a mass dynamically, i.e. by virtue of the Debye screening in the monopole loop gas. The appearance of this mass then leads to a nonvanishing string tension and thus confinement. Note, that such a mechanism of the mass generation differs from the one of Ref. [4] , which employed the cumulant expansion theorem in the bilocal approximation [18] . As a byproduct of the present Letter, we propose a method of a derivation of the Sine-Gordon theory, describing a 4D dilute monopole loop gas, which does not exploit the corresponding lattice partition function.
The organization of the Letter is as follows. In the next Section, we shall briefly revisit the derivation of the effective Abelian-projected theory corresponding to the SU(2)-gluodynamics. After that, we shall perform the path-integral summation over the grand canonical ensemble of monopole loops (emerging after Abelian projection) in the dilute gas approximation and arrive at the effective 4D Sine-Gordon theory describing this ensemble. In Section 3, this theory will be used for the calculation of the monopole current potential and the derivation of the corresponding string representation. Finally, the latter one will yield us confinement in the sense of the Wilson's area law. The résumé of the Letter is presented in a short Summary.
Effective Abelian-Projected Theory of the SU (2)-

Gluodynamics and its Reduction to the Sine-Gordon Theory
Let us start with revisiting the derivation of the effective dual model corresponding to the Abelianprojected SU(2)-gluodynamics [3, 4, 5] . The action under study reads
where
Here, τ i 's stand for Pauli matrices, and g is the QCD ("electric") coupling constant. Obviously, one can single out the diagonal part of the field A µ as follows,
where a µ ≡ A 3 µ , a = 1, 2. Consequently, one has for the field strength tensor
. Next, Eq. (2) can be straightforwardly rewritten as follows
Here, f µν = (∂ ∧ a) µν and C µν = gε 
However, actually it turns out that the last term on the R.H.S. of Eq. (3) contains a structure which can be completely expressed via the field strength tensors f µν and C µν and therefore should be referred to the first term resulting from the diagonal part of the full field strength tensor F µν . In order to extract this structure, let us impose on the off-diagonal components of the gluon field the so-called maximal Abelian gauge (see e.g. Refs. [3, 4] ) (∂ µ ± ia µ ) (A 1 ± iA 2 ) = 0, which can be written as follows D ab µ A b µ = 0. Once being rewritten in this form, this gauge can be easily recognized as the standard background gauge [19] with the field a µ playing the role of the background. Implying such a gauge fixing condition for the fields A 
it is straightforward to prove the following equality
Clearly, the full derivative term on the R.H.S. of Eq. (4) can be now disregarded. As far as the off-diagonal term
is concerned, it is worth noting that within the maximal Abelian gauge adopted, this term, once being accounted for, contributes to the momentum dependence of the running coupling constant. This dependence has been calculated in Refs. [3, 4] , and the asymptotic freedom at the one-loop level has been established. Namely, the running coupling constant coincides with that of the original gluodynamics and reads
with C 2 (G) standing for the Casimir operator of the adjoint representation of the group G = SU (2) under consideration, i.e. C 2 (G) = 2. Since in what follows, our aim will be the investigation of the confining (i.e. infrared) properties of the Abelian-projected SU(2)-gluodynamics (rather than the problems of its renormalization, related to the region of asymptotic freedom), we shall disregard the term (5) as well.
The most important for us term on the R.H.S. of Eq. (4) is the very first one, which yields an additional contribution to the diagonal part of the action (3). Taking it into account, we finally arrive at the following effective action
Notice, that the field strength tensor 2C µν in Eq. (6) plays the role of the field strength tensor of magnetic monopoles, whose conserved current is defined via the modified Bianchi identities
Thus, in what follows we shall regard the obtained effective theory (6) as a U(1) gauge theory with magnetic monopoles. Our aim then will be to establish confinement in such a theory in the sense of the Wilson's area law [13] and, more generally, to derive the complete string representation of this theory. To this end, let us first cast the partition function under study, Z = Da µ e −S eff. to the dual form 2 . This can be done by making use of the first-order formalism, i.e. linearizing the square f 2 µν in Eq. (6) by introducing an integration over an auxiliary antisymmetric tensor field b µν as follows
2 Notice, that the gauge fixing term is assumed to be included into the integration measure Da µ .
Integration over the a µ -field leads to the constraint ∂ µ b µν − 2iC µν = 0, whose resolution yields b µν = 2iC µν + (∂ ∧ b) µν , where b µ is now the "magnetic" field dual to the "electric" field a µ . Substituting this representation for b µν into Eq. (7), we get
From now on, b µν denotes simply (∂ ∧ b) µν . It is worth noting, that due to the conservation of the monopole current j M µ , the dual action standing in the second exponent on the R.H.S. of Eq. (8) is invariant under the gauge transformations b µ → b µ + ∂ µ χ. Again, we shall imply that the gauge fixing term for the b µ -field is included into the integration measure Db µ . Moreover, we shall specify the gauge to be the Fock-Schwinger one, i.e. x µ b µ (x) = 0.
Let us now proceed with the summation over the grand canonical ensemble of the monopole loops in the dual theory (8) . To this end, we firstly make an assumption that the monopole loops form a dilute gas. As it has been argued in Ref. [14] , in such a gas (actually, a 3D version of this gas, where monopoles are point-like particles at rest, rather than loops) only the monopoles with the minimal charges q a g m with q a = ±1 are essential, whereas the monopoles with |q a | > 1 tend to dissociate into the ones with |q a | = 1. Here, the magnetic coupling constant g m is related to the QCD coupling g via the Dirac quantization condition gg m = 4πn. In what follows, we shall set in this condition n = 1, which parallels the above restriction to the monopoles possessing the minimal charge only. The monopole current corresponding to the loop gas then has the form
where N is the number of monopoles, and the closed trajectory of the a-th monopole (which we refer to as the monopole loop) is parametrized by the vector x (9) as an N-monopole contribution to the grand canonical partition function of the monopole loop gas. Notice, that from now on in this consideration, we shall disregard the first exponential factor on the R.H.S. of Eq. (8), since its argument becomes singular for the monopole current (9), and it looks reasonable to assume that (within a given regularization scheme) all the singularities drop out from the final expressions for physically relevant quantities.
Obviously, as it becomes clear after integrating over the field b µ , the interaction in the monopole loop gas under consideration is of the Coulomb type. Due to the Debye screening in this gas, the field b µ acquires a nonvanishing ("magnetic") mass. In order to demonstrate the mechanism of its generation, one should perform the summation over the monopole loop gas under study in the sense of the grand canonical ensemble as follows
Here, ζ ∝ e −S 0 is the so-called fugacity of dimension (mass) 4 with the action of a single monopole
] is a certain rotation-and translation invariant integration measure over the shapes of the monopole loops, whose concrete form will not be specified here (For example, one can take it in the form of the properly normalized measure of an ensemble of oriented random loops, representing trajectories of massless noninteracting scalar particles,
where the vector u µ (s ′ i ) parametrizes the same contour as the vector z i µ (τ ).). In order to evaluate the path-integral over z µ 's in Eq. (10), let us recall the above introduced dilute gas approximation, which means that typical distances between monopole loops are much larger than the loop sizes. This means that generally |y a | ≫ |z a |, where from now on |y| ≡ y 2 µ .
Let us denote characteristic distances |y| by L, characteristic loop sizes = 
Here, we have denoted n ν = yν |y| and estimated the derivative ∂/∂y ν as n ν /L. Then, substitution of expansion (11) into Eq. (10) yields
where P µν [z] ≡ dz µ z ν stands for the tensor area associated with the contour parametrized by z µ (τ ) 3 . Due to the rotation-and translation invariance of the measure µ[z], the average of the product of the tensor areas can be written in the form
where 1 µν,λρ = 1 2 (δ µλ δ νρ − δ µρ δ νλ ), and the normalization factor (2n−1)!! is explicitly extracted out since the sum in square brackets on the R.H.S. of Eq. (13) contains (2n − 1)!! terms. Substituting now Eq. (13) into Eq. (12) , recalling that we have adopted for the field b µ the Fock-Schwinger gauge, so that n µ b µ (y) = 0, and denoting
, where Λ stands for the UV momentum cutoff, we finally obtain
This yields the desired expression for the partition function of the grand canonical ensemble of the monopole loop gas
The Debye mass of the b µ -field can be now immediately extracted from the expansion of the cosine and reads m = √ 2ζ Λ
. Notice also, that a partition function of the type (14) (considered ad hoc as a continuum version of the corresponding lattice expression) has been used in Ref. [16] as a starting point for the construction of the string representation of the 4D compact QED. In what follows, we shall proceed with the construction of such a representation for the Abelian-projected SU(2)-gluodynamics, but derive it in a more simple way, namely from the representation of the partition function in terms of the monopole currents. We shall start the next Section with the derivation of this so-called current representation, which is a 4D generalization of the corresponding expression for the 3D partition function in terms of the monopole densities, investigated in Ref. [17] .
String Representation and Confinement
As it has been discussed above, integrating over the field b µ in Eq. (8) one gets for the N-monopole contribution to the grand canonical ensemble an expression in the form of the Coulomb interaction between the monopole currents,
This expression can be used for our purposes of the construction of the current representation of the grand canonical partition function (14) . One has
where the term fixing the Fock-Schwinger gauge for the Lagrange multiplier λ µ is again assumed to be included into the integration measure. Clearly in order to integrate now over λ µ , one should solve the saddle-point equation
This can be done by noting that its L.H.S. is a vector in the direction λ µ , which means that it can be equal to the R.H.S. only if the direction of the vector λ µ coincides with the direction of the vector j µ . Therefore, it is reasonable to seek for a solution of Eq. (16) 
where the complex-valued effective monopole current potential reads
n = 0, ±1, ±2, . . .. Here, adding of 0 or iπ corresponds to choosing of upper or lower sign, respectively.
Let us now proceed with the string representation of the Wilson loop in the monopole loop gas under consideration. To this end, let us first properly extend the field strength tensor, in order to satisfy Bianchi identities modified by the current j µ . This can be done by adding to f µν an antisymmetric tensor field h µν (the so-called Kalb-Ramond field), which just obeys these identities, i.e. ∂ µhµν = j ν . Notice, that according to the Hodge decomposition theorem, the so-constructed complete field strength tensor f µν + h µν is the most general form of the rank-2 antisymmetric tensor field.
By virtue of the Stokes theorem, we then obtain for the Wilson loop the following expression
Here, the average over currents is defined by the partition function (17), Σ is an arbitrary surface bounded by the contour C, and
is the standard "perimeter" (Gaussian) contribution to the Wilson loop. Expressing h µν via j µ , we can rewrite the last average on the R.H.S. of Eq. (19) directly as
stands for the 4D solid angle, under which the surface Σ is seen by an observer at the point x with ξ = (ξ 1 , ξ 2 ) denoting the two-dimensional coordinate (One can check, that for the closed surface Σ surrounding the point x, by virtue of the Gauss law, dσ µν → dS µ ∂ ν − dS ν ∂ µ with dS µ standing for the oriented element of the hypersurface surrounded by Σ, and for the conserved current j µ , d 4 xj µ η µ = dS µ j µ , as it should be.). An apparent Σ-dependence of Eq. (20) actually drops out due to the summation over branches of the multivalued potential (18) . This is the essence of the string representation of the Wilson loop in the monopole loop gas.
It is worth remarking, that due to the δ-function on the R.H.S. of the first equality of Eq. (15) 
Here, ∂ a = ∂/∂ξ a ,ĝ = det ĝ ab withĝ ab = (∂ a x µ (ξ))(∂ b x µ (ξ)) being the induced metric tensor of the world-sheet, and t µν = ε ab √ĝ (∂ a x µ (ξ)) (∂ b x ν (ξ)) standing for the so-called extrinsic curvature tensor. The string tension σ of the Nambu-Goto term (i.e. the coefficient in the Wilson's area law) and the inverse coupling constant of the rigidity term, 1/α 0 , are completely determined via the parameters of the monopole loop gas and read
.
Here, γ = 1.781 . . . is the Euler's constant, K 0 is the modified Bessel function, and c stands for a characteristic small dimensionless parameter. In the model under study, it is reasonable to set c ∼ ζ 1/4 /Λ. Notice, that the string tension is obviously proportional to the square of the Debye mass m of the dual gauge field b µ and consequently nonanalytic in the QCD coupling constant g. This result reflects the nonperturbative nature of confinement in the effective Abelian-projected theory of the SU(2)-gluodynamics, similar to that in the original non-Abelian theory. Thus, the obtained string characteristica (positive string tension and negative coupling constant of the rigidity term) manifest confinement and provide us with the necessary condition for the stability of strings in the obtained effective Abelian-projected theory.
Summary
In the present Letter, we have derived the string representation of the effective Abelian-projected theory corresponding to the SU(2)-gluodynamics and established confinement in this theory in the sense of the Wilson's area law. Contrary to the previous approaches, this has been done without an assumption on the condensation of magnetic monopoles, i.e. without introducing an effective Higgs field of their Cooper pairs. Instead of that, we have dealt directly with the (dilute) monopole loop gas with Coulomb interaction and derived the string representation for the Wilson loop of a test quark-antiquark (qq) pair in such a gas. This approach provided us with a natural dynamical mechanism of generation of a mass of the dual gauge field, which is due to the Debye screening in the monopole loop gas. We have also argued that confinement of a testpair in such a gas can be explained in terms of the nontrivial long-range topological (linking number type) interaction of monopoles with the Wilson loop of thepair. Besides that, we have illustrated that the world-sheet independence of the Wilson loop is realized by the summation over branches of the multivalued effective monopole current potential, which is the essence of the string representation. Finally, in the weak-field limit, we have derived the string tension of the Nambu-Goto term and the inverse coupling constant of the rigidity term, which in a manifest way express confinement and signal the stability of strings in the Abelian-projected SU(2)-gluodynamics. In particular, the string tension turned out to be nonanalytic in the QCD coupling constant analogously to what is expected in the original gluodynamics.
Clearly, it is now a challenge to apply the approach of this Letter to the more realistic case of SU(3)-gluodynamics. Work in this direction is now in progress [20] .
